Abstract. We define the surface distance between two oriented knots as the minimum of the genera of the oriented, two-component links having these two knots as their components. We also study its properties and give an upper bound and a lower bound for it.
Introduction
Let K be the set of all oriented knots up to isotopy. There are several distance functions on K, such as the Gordian distance and the ♯-Gordian distance [9] . In general, given an 'unknotting operation', that is, a method to untie every knot, such as the ∆-unknotting operation introduced by S. Matveev [8] (see also [10] ), one can define the corresponding distance function as the minimal number of the 'unknotting operations' needed to deform one knot to the other. The corresponding 'unknotting number' is the distance to the unknot. For example, crossing change is the most familiar 'unknotting operation', and it defines the Gordian distance and the (ordinary) unknotting number.
In this paper we introduce yet another distance function by using surfaces bounding given two knots. We also study its relations with other distance functions. 
Triangle relation
In this section we show that d S is indeed a distance function. Proof. Let K 1 , K 2 , and K 3 be any elements of K. We have to prove the following.
The inequality (3.1) and the equality (3.3) are clear from the definition. We will show (3.2). Clearly we have d S (K 1 , K 1 ) = 0 since we can make an annulus between K 1 and −K 1 , where −K 1 goes antiparallel to K 1 . Conversely, d S (K 1 , K 2 ) = 0 implies that there is an annulus whose boundary consists of K 1 and −K 2 . We can use the annulus to isotope
To prove (3.4), we assume that
where g(F ) and g(F ′ ) are the genera of F and F ′ respectively. We isotope F (F ′ , respectively) as in Figure 1 ( Figure 2 , respectively), where the inner (outer, respectively) component, indicated by a thicker line, is −K 2 (K 2 , respectively). Note that the outer (inner, respectively) component of F (F ′ , respectively) is K 1 (−K 3 , respectively). Then we can paste F and F ′ along K 2 as in Figure 3 since we may assume the bands are narrow enough. Since the boundary of the new surface is 
Relation with the Gordian distance
In [9] , the author defined the Gordian distance d G (K 1 , K 2 ) for oriented knots K 1 and K 2 as the minimal number of crossing changes needed to deform K 1 into K 2 . See also [1, 13, 5] for further developments.
Theorem 4.1. For any oriented knots K 1 and K 2 , we have
Proof. First we construct an annulus A near K 1 such that ∂A = K 1 ∪ (−K 1 ). Next we change A near the crossings used to transform K 1 into K 2 as in Figure 4 . Note that there are a ribbon singularity near each crossing that we are looking at. Finally we remove the singularities as in Figure 5 to make an embedded surface F whose genus equals the number of the crossing changes.
It is clear ∂F = K 1 ∪ (−K 2 ), proving the inequality.
Example 4.2. The equality does not hold in general. Let 3 1 and 4 1 be the left-hand trefoil ( Figure 6 ) and the figure-eight knot (Figure 7) respectively. Since the two-comonent link depicted in Figure 8 bounds an orientable surface of genus one (Figure 9 ), we have d S (3 1 , 4 1 ) = 1. On the other hand in [9] the author proved that d G (3 1 , 4 1 ) = 2.
Since any Alexander-Conway polynomial can be realized by a knot with unknotting number one [7] (See also [11, P. 320 , Remark]), we have the following lemma. 1, 2, . . . , n), there exists a knot K with Conway polynomial ∇(z) and d S (K, U ) = 1, where U is the unknot. In other words, for any Laurent polynomial ∆(t) := a 0 + a 1 (t + t −1 ) + a 2 (t 2 + t −2 ) + · · · + a n (t n + t −n ) with a 0 + 2a 1 + 2a 2 + · · · + 2a m = 1 and a j ∈ Z (j = 1, 2, . . . , m), there exists a knot with Alexander polynomial ∆(t) and d S (K, U ) = 1.
So we cannot use the Alexander-Conway polynomial to detect knots with surface distance one from the unknot.
Relation with the four-ball genus
Let g * (K) be the four-ball genus (or four-genus or slice genus) of a knot K, which is defined to be the minimum of the genera of the locally-flat, orientable surfaces bounding K in the four-ball D 4 = ∂S 3 ([2, P. 172]; it is denoted by h * there).
Theorem 5.1. For any oriented knots K 1 and K 2 , we have
where K 2 is the mirror image of K 2 , and ♯ denotes the connected-sum.
defines a distance function on the knot concordance group (or knot cobordism group [3, 4] ). 
We will use the surfaceF to construct an orientable surface bounding K 1 ♯ −K 2 in a four-ball. Let γ be a properly embedded arc inF connecting a point in (Figure 10 ) is slice (that is, g * 3 1 ♯ −3 1 = 0) and so d * Figure 11 .
This also gives an example of a knot with surface distance one from the unknot. Compare with a theorem by M. Scharlemann [12] that a knot with unknotting number one (that is, Gordian distance one from the unknot) should be prime.
Triple and more?
One may wonder what happens if we consider the genera of connected, orientable surfaces bounding a given n-tuple of knots {K 1 , K 2 , . . . , K n } with n ≥ 3. Here is the answer:
. . , K n be any oriented knots in S 3 with n ≥ 3. Then there exists an embedded sphere with n holes such that the set of the n boundary components is {K 1 , K 2 , . . . , K n }.
Proof. Let Θ be a θ n -curve on a plane, which consists of two vertices and n edges e 1 , e 2 , . . . , e n connecting them. Let N (Θ) be a regular neighborhood of Θ in the plane. Note that N (Θ) is a sphere with n holes.
Given knots K 1 , K 2 , . . . , K n , from [6] there exists an embedding ϕ of Θ in S 3 such that the set of n knots {ϕ (e 1 ∪ e 2 ) , ϕ (e 2 ∪ e 3 ) , . . . , ϕ (e n−1 ∪ e n ) , ϕ (e n ∪ e 1 )} coincides with {K 1 , K 2 , . . . , K n }. Since we can extend ϕ to a map from N (Θ) to S 3 , ϕ N (Θ) gives a required embedded sphere with n holes.
